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Chapter 1

Probability

1.1 Set Operation

P(A+ B) = P(AUB) = P(A) + P(B) — P(AB)
P(A - B) = P(A— AB) = P(A) — P(AB)

1.2 Prior Probability
P(AB)
P(A)
=if ACB: P(B|A)=1
= P(A;...Ay) = P(A))P(As| A1) P(As| A1 Ag) ... P(A| Ay Ay ... Ay_y)

P(B|A) =

P(B) = ZP(B|A1:)P(Ai)

1.3 Posterior Probability (Bayesian Formula)

P(B|4;)P(A;)
P(A;|B) = S, P(B|Ay)P(A)

1.4 1-Dimensional Probability Distribution
) = [ sy

P(X <z)=F(z)= ZP(:@)

F(—00) =0, F(+x) =1

lim F(z) = F(a)

Tla

I;%F(x) =F(b")



1.5 Probability Distribution and Density

/—Z /_Z (@, y)dady = 1
Fe) //fUUdudU

F(—o00,y) = F(z,—0) = F(—00, —o0) = 0, F(+00,400) =1
X, Y are independent < fx(x)fy(y) = f(z,y)

@/Zﬂ%%@
= /Z f(z,y)dx

(X,¥)~U(D) = X £U(Dy), ¥ £ U(Ds)
(XaY) ~ N(“l’/I’Q’O—l’UvaXY) = X~ N(vaal) Y NN(/J'Z’UQ)

e 2-Dimensional Random Variable:

e Edged-Density:

e Prior Probability:
flaly) = 2222

- (x y)
flylz) = (@)

&H

= fx(z / fy () f(zly)dy

= fr(y / fx (@) f(ylz)dz

o Y= (X):
’ Fy(y) = P(Y < y) = P(g(X) <)

if 9(X) is monotonic: fy(y) = fx(g7 (W)™ ()]

= /_O:O flz,z — z)dzx

and the domain of z — x is restricted to the domain of y to maintain fx(z)fy(z —x) # 0.
Hence, the integration interval of z is splitted as

o 7=X+Y:

(yl — X1, Yn — iUz)7 (yz — ZTh,Yn — xh)

the upper and lower bound of integration is

(i —x1,2), (2 = (Y1 — Th), Yn — Tn)

if X and Y are independent, we obtain Convolution Operation

z) = /jo fx(@)fy(z —z)dzx

e.g. X;~ N(u,o0?), iaiXi ~ N(i @i, ia?a?)
i=1 i=1 i=1

e X is Discrete, Y is Continuous, Z=X+Y:

F(Z)=P(X+Y <2)=P(X=0Y<z2)+-+P(X=kY <z—k)



°
N
Il
<[>

o 7 =max{Xy,...,

e 7 =min{X;

.....

522 = [ i)y

Xn}
Fz(z) = (Fx(2))"

fz(2) =n(F(2)" "' f(2)

Fy(z) =1 (1 - Fx(z))"
fz(2) =n(1 = F(2))""" f(2)



Chapter 2

Distribution, Expectation and
Variance

2.1 Distributions

Distribution Type \ Formula \ EX \ DX \ Independent Additivity
X ~ B(n,p) Cpp"(L—p)"* | np | np(l—p) B(ni + na, p)
X ~ P(\) e A A P(A1 + Ag)
X ~ HyperGeometric %@ nM/N -
X ~ Geometric (1—-p)k1tp ]% 1};”

X ~ Ula.b) f=:5 ap | (oay
X~EN f=2e 1 +

X ~ N(p,0?) = lee_% % o’ N(p1 + p2, 0% + 03)

Table 2.1: Distributions

2.2 Properties of Expectation and Variance

. EX = /_0; of (@)de
EXY:/_O:O /_nyf(x,y)dmy
BG(X) = [ gla)f(@)da
6xY) = [ [ gw s ndsdy

E(aX £bY) = aB(X) + bE(Y)
EQ) kiXi) =) kiB(X;)
X, Y are independent = E(XY) = E(X)E(Y)

X122 Xo=> E(Xl) > E(XQ)
E|X| > |[EX|
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e Cauchy-Schwerz’s Inequality:
F*(XY) < E(X*)E(Y?)

DX = B(X — EX)* = BE(X?) — (EX)?

D(cX) = *D(X)

D(X +Y)=D(X)+ DY) +2E[(X — EX)(Y — EY)]
D(X +Y) = D(X) + D(Y) + 2Cov(X,Y)

X, Y are independent = D(XY) = D(X)D(Y) + (EX?)D(Y) + (EY?)D(X)

Chebyshev’s Inequality:

DX
€
DX
€

Cou(X,Y) = E|[(X — EX)(Y — EY)] = E(XY) — EXEY
= Cov(aX,bY) = abCov(X,Y)
= Cov(X1 + X2,Y) = Cov(X1,Y) 4+ Cov(X3,Y)

~ Cov(X,Y)
P vDXVDY
X, Y are non — correlative < Cov(X,Y)=0< p=0

e Independency = Non-Correlation.

2.3 Liev-Lindeberg’s Law and De Moivre-Laplace’s Law
X ~ B(n,p)
i.e. Ny ~ N(np,np(1 —p))

"oy,
Lz X )

Vno
= lim P(— " <) = &(a)
n—co np(l—p)

. TNin — N
< =
= nh_{r;o P( Jro = x) = ®(x)

2.4 Gamma Function



Chapter 3

Mathematical Statistics

3.1 Statistical Variable

1
X==-S X, EX
2 X
[
1 < —
2= X; - X)’= DX
S n—1;( )2 =

- 1 <&
:SQZE;XE

17l
A== XF E(X*
k ”Z ;= E(XT)

i=1

1

By= -3 (X~ X)" = B(X - EX)" = D(x*)

3

3.2 ? Distribution

X, ~ N(0,1)
=) X7
=1

=x*~x(n
= E(x*) =n, D(x*) =2n

= x? and x3 are independent, X3 + x5 ~ x*(n1 + ny)

3.3 Student Distribution




3.4 F Distribution

X ~x%*(m),Y ~ x*(n2)

= F

X/n1

~F
Y/ (n1,n2)

= l/F ~ F(TLQ,TLl)

= Fi_q(ng,ny) =

1
Fa(nlan2)

3.5 Properties of Normal-distributed Samples

3.6

ES? = DX, DS* = (

(X4, ..

T =

M-Estimation

EX = EX, DX = %DX

o2 n— 2 o2
B L R R S )
X N D) o X N (,)

X is independent from S*

F_

X, —
%1 Z:ﬁl:l( lalul )2

1
(X BX) ()
i=1
X —
u\/ﬁwt(n—l)
S
S3/o?
= ;922/0% ~F(ng—1,n2—1)

1
no

2

Y,—
:LII( Uzﬂz )2

v Xn,) < N(p,0%), (Y1,...,Y,) « N(us,0?),

X-Y)- - /
( ) = (g1 — p2) [ nang ~t(n1 + 12— 2),
ni + no

Suw

S2 =

w

oo
:/
—0o0

(n1 — 1)512 + (n2 - 1)5%
ny+ng —2

EX = A,

1
0)de = — 3 X
xf(x;0)dx w2




3.7 Likelihood Estimation

L(0) = HP(Xi =z;;0) = Hf(xi;e)
).

The target is to find a 6 to maximize L(
= InL(0) = > In f(2:;0)
i=1

AL(0)

a9 0

if L is nonmonotonic :

) = mi — X* >
if L is monotonic : HA min{Xy,..., Xp} = X7 >0
ezmaX{le"-aXn}:XT*L r <46

3.8 Estimation Evaluation
Unbiased : E(0) =0
Proof 1 . o
EOn = E(9(X)) =---=h(0)
Eb;, = /éLfe(a;)dx =...

e.g. FES?isunbiased estimation of DX,

_nfl

ES? is biased estimation of DX ( a?),

X is unbiased eatimation of EX.
Validate : D(6y) < D(0)
= D(6) = min D(6))

DX
Consistency : P(|X — EX|>¢€) < —
D
= P(|X -EX|[<ée)>1——
€
Db

= P(f-6l<a>=1- =

= lim P(|0—0]<e) =1

n—oo
3.9 Confidence Interval
e o2 known: _
X —_
B/~ N(,1)
o
X _
= P(M\/ﬁ< Ugs2) =1 —a
g
— g —_— g
= (X - %UQ/Q7X + %UQ/Q)
e o2 unknown: o
X _
=" Bom~tn—1)

= P([t| <uqp) =1-a

(3.1)



e ;, unknown:
n—1)S?
RS,
(n—1)8?

jP(X%—a/2< 0_2 <Xi/2):1—06

N (n—1)52 (n—1)52
Xi/g(n - 1)7 Xi_a/g(n - 1)

vn—18 vn—18
0':( ) )
\/Xi/g(n - 1) \/Xffa/g(n - 1)

e One-side Confidence Interval:

)

Lower Bound = (X — itoz(n —1),400)
n

S

Upper Bound = (—o0, X + (n—1))

5y
\/ﬁa
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